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Abstract
The L-reverse major index statistic, rmajL, is defined on the group of colored permutations, Ca  Sn,
using the <L order and the L-descent number statistic, desL, which were recently introduced by Regev
and Roichman. The distribution of desL and the bi-statistic (desL, rmajL) is studied, yielding new wreath-
product analogues of the Eulerian and q-Euler–Mahonian polynomials, and a generalization of Carlitz’s
identity.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
1.1. The Eulerian and Euler–Mahonian polynomials for Sn
Let Sn denote the symmetric group on {1, . . . , n}. The classical descent number and major
index statistics on Sn are defined by
des(σ ) =
n−1∑
i=1
χ
(
σ(i) > σ(i + 1))
and
maj(σ ) =
n−1∑
i=1
iχ
(
σ(i) > σ(i + 1))
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The classical Eulerian polynomials An(t) are1
An(t) :=
∑
σ∈Sn
tdes(σ )
and their “maj” q-analogues, also known as the q- maj Euler–Mahonian polynomials, are
majAn(t, q) :=
∑
σ∈Sn
tdes(σ )qmaj(σ ). (1)
Carlitz [1] gave the following recurrence formula for the coefficients of majAn(t, q): define
majAn,s(q) by majAn(t, q) =∑s0 majAn,s(q)ts . Then
majAn,s(q)
= (1 + q + · · · + qs)majAn−1,s (q) + (qs + qs+1 + · · · + qn−1)majAn−1,s−1(q). (2)
Gessel [2] obtained the exponential generating function for the quotients majAn(t,q)
(1−t)(1−qt)···(1−qnt) ,
∑
n0
un
n!
majAn(t, q)
(1 − t)(1 − qt) · · · (1 − qnt) =
∑
s0
t seu(1+q+···+qs). (3)
Identity (3) is known as Carlitz’s identity.
1.2. Extensions to wreath products
Let Ca be the cyclic group of order a, and let Ca Sn be its wreath product with the symmetric
group Sn, which comprises colored permutations.
The problem of extending the distribution of (des,maj) to the hyperoctahedral group Bn =
C2  Sn was first suggested by Foata. Adin, Brenti and Roichman [3] have given a solution to
Foata’s problem in the form of two pairs of statistics, (ndes,nmaj) and (fdes, fmaj). Later, Biagi-
oli [4] has given a generalization of Carlitz’s identity to the even-signed permutation group Dn.
More recently, Bagno [5] has extended the des and maj statistics to the wreath products Ca Sn in
two different ways, (ndes,nmaj) and (ldes, lmaj), giving two further generalizations of Carlitz’s
formula.
In a recent paper [6], Regev and Roichman introduced the order <L and the Ca  Sn statistics
desL (the L-descent number) and ←−−minL (number of L-colored right-to-left minima), and studied
the distribution of ←−−minL on Ca  Sn and on the subset {σ ∈ Ca  Sn: ←−−minL(σ ) = desL(σ )}.
In this note, we define the rmajL,n (L-reverse major index) statistic on Ca  Sn and study the
distribution of desL and the bi-statistic (desL, rmajL,n). In Section 4, we obtain new wreath-
product analogues of the q-Euler–Mahonian polynomials, and a generalization of Carlitz’s iden-
tity (see Corollary 18). Finally, in Section 5, we give a recurrence formula and an exponential
generating function for our wreath-product analogues of the Eulerian polynomials.
1 Another definition that often appears in the literature is An(t) :=∑σ∈S tdes(σ )+1.n
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2.1. The group Ca  Sn
Let Ca be the (multiplicative) cyclic group of order a: α := e 2πia and Ca := {αt : 0  t 
a − 1}, and let Ca  Sn be its wreath product with Sn.
Elements of Ca  Sn can be regarded as indexed permutations or colored permutations—those
permutations σ of the set {αt i: 0 t  a − 1, 1 i  n } satisfying
σ(βj) = βσ(j) ∀β ∈ Ca, 1 j  n.
We shall write colored permutations using the window notation
σ = [σ(1), . . . , σ (n)]
and denote
|σ | := [∣∣σ(1)∣∣, . . . , ∣∣σ(n)∣∣] ∈ Sn.
Note that Sn is a subgroup of Ca  Sn. Ca  Sn is a Coxeter group if and only if a = 1 or 2. In
particular, for a = 2, C2  Sn = Bn is the hyperoctahedral group, whose elements are the signed
permutations.
2.2. q-analogues
We use the following standard definitions.
Definition 1. For an integer n 1, the q-analogue of n is
[n]q := 1 + q + · · · + qn−1.
Definition 2. For an integer n 0, define
(α;q)n :=
{
1, if n = 0;
(1 − α)(1 − αq) · · · (1 − αqn−1), if n > 0.
3. The <L order and statistics on Ca Sn
In this section we present Regev and Roichman’s <L order and various statistics based on it.
Definition 3. (See [6, Definition 4.4].) A subset L ⊆ {0,1, . . . , a − 1} determines a linear order
<L on {αvj : 0 v  a − 1, 1 j  n} ∪ {0} as follows:
Let U = {0, . . . , a − 1} \ L be the complement of L in {0, . . . , a − 1}.
If v ∈ L then αvj <L 0 for every 1 j  n. If v ∈ U then αvj >L 0 for every 1 j  n.
For u,v ∈ L (respectively ∈ U ) (not necessarily distinct) and i = j ∈ [n], αvi <L αuj if and
only if i > j (respectively i < j ).
Then, for each 1 j  n, order each subset {αvj : v ∈ L} (and each subset {αvj : v ∈ U}) in
an arbitrary linear order.
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order
α4 · 3 <L α2 · 3 <L α2 · 2 <L α4 · 2 <L α2 · 1 <L α4 · 1 <L 0
0 <L α · 1 <L α3 · 1 <L 1 <L α3 · 2 <L 2 <L α · 2 <L α3 · 3 <L α · 3 <L 3.
Definition 5. (See [6, Definition 4.6].) Let L ⊆ {0,1, . . . , a − 1}.
(1) Define the L-descent set of σ ∈ Ca  Sn by
DesL(σ ) =
{
0 i  n − 1: σ(i) >L σ(i + 1)
}
where σ(0) := 0.
(2) Define the L-descent number by
desL(σ ) =
∣∣DesL(σ )∣∣.
Definition 6. The L-reverse major index of σ ∈ Ca  Sn is
rmajL,n(σ ) :=
∑
i∈DesL(σ )
n − i.
Remark 7. In the a = 2 case, the descent set is often defined as
D˜esL(σ ) :=
{
1 i  n: σ(i) >L σ(i + 1)
}
where σ(n + 1) := 0 (see for example [7]). It is easy to see that D˜esL(σ ) = {n − i: i ∈
Des{1,...,n}\L(σ · [n,n − 1, . . . ,1])}, so d˜esL(σ ) := |{D˜esL(σ )}| = des{1,...,n}\L(σ · [n, . . . ,1])
and m˜ajL(σ ) :=
∑
i∈d˜esL(σ ) i = rmajL,n(σ · [n, . . . ,1]). Since multiplication by [n, . . . , 1] is an
involution of Ca Sn, we get that the bi-statistics (d˜esL, m˜ajL) and (des{1,...,n}\L, rmaj{1,...,n}\L,n)
have the same distribution on Ca  Sn. Thus the results in the following sections can be easily
adapted to the “tilde” statistics.
Remark 8. For σ ∈ Sn, let rmajn(σ ) := rmaj∅,n(σ ). Let τ = [n, . . . ,1] · σ · [n, . . . ,1], and note
that for 1  i < n, σ(i) > σ(i + 1) if and only if τ(n − i) > τ(n − i + 1), therefore des(σ ) =
des(τ ) and
rmajn(σ ) =
n−1∑
i=1
(n − i)χ(σ(i) > σ(i + 1))= n−1∑
i=1
(n − i)χ(τ(n − i) > τ(n − i + 1))
=
n−1∑
j=1
jχ
(
τ(j) > τ(j + 1))= maj(τ ).
Since σ 
→ [n, . . . ,1] · σ · [n, . . . ,1] is a bijection of Sn onto itself, this proves that maj and
rmajn are equidistributed on {σ ∈ Sn: des(σ ) = s} for every s. Thus in (1), maj can be replaced
by rmajn.
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φn(σ, r, t) =
[
σ1, . . . , σr , α
tn, σr+1, . . . , σn−1
]
where σ = [σ1, . . . , σn−1].
It is easy to see that φn is a bijection.
Lemma 10. Let σ = [σ1, . . . , σn−1] ∈ Ca  Sn−1, L ⊆ {0, . . . , a − 1} and DesL(σ ) = {i1, . . . , is},
i1 < · · · < is (s = desL(σ )). Let {is+1, . . . , in} = {0, . . . , n − 1} \ DesL(σ ), n − 1 = is+1 > · · · >
in (i.e. the non-descents of σ , from right to left). Then for 1 k  n and t ∈ {0, . . . , a − 1},
desL
(
φn(σ, ik, t)
)= { s, if k < s + 1 or [k = s + 1, t /∈ L];
s + 1, if k > s + 1 or [k = s + 1, t ∈ L].
and
rmajL,n
(
φn(σ, ik, t)
)= { rmajL,n−1(σ ) + k, if t ∈ L;
rmajL,n−1(σ ) + k − 1, if t /∈ L,
Proof. We consider the three possible cases:
Case 1. 1 k  s. In this case,
σ˜ := φn(σ, ik, t) =
[
σ1, . . . , σi1, . . . , σik , α
tn, σik+1, . . . , σik+1, . . . , σis , . . . , σn−1
]
,
thus the descents to the right of σik+1 are shifted one position to the right, and the k − 1 descents
to the left of σik remain in place. If t /∈ L, then σik <L αtn >L σik+1, leaving the descent at ik .
If t ∈ L, then σik >L αtn <L σik+1, so the descent at ik is also shifted one position to the right.
The contribution to rmajL,n(σ˜ ) of each descent shifted one position to the right is the same as
its contribution to rmajL,n−1(σ ), whereas the contribution to rmajL,n(σ˜ ) of each descent left in
place is 1 more than its contribution to rmajL,n−1(σ ).
Case 2. k = s + 1. In this case,
σ˜ := φn(σ,n − 1, t) =
[
σ1, . . . , σn−1, αtn
]
,
thus all s = k − 1 descents remain in place, each contributing 1 more to rmajL,n(σ˜ ) than to
rmajL,n−1(σ ). An additional descent at n − 1 occurs, and contributes 1 to rmajL,n(σ˜ ), if and
only if t ∈ L.
Case 3. s + 1 < k  n. In this case,
σ˜ := φn(σ, ik, t) =
[
σ1, . . . , σir , . . . , σik , α
tn, σik+1, . . . , σir+1, . . . , σn−1
]
where r is the number of descents to the left of σik , whence
ik = (n − 1) −
(
k − (s + 1))− (s − r) = n − k + r.
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to the left of σik remain in place. The contribution to rmajL,n(σ˜ ) of each descent shifted one
position to the right is the same as its contribution to rmajL,n−1(σ ), whereas the contribution
to rmajL,n(σ˜ ) of each descent left in place is 1 more than its contribution to rmajL,n−1(σ ). If
t ∈ L, then there is an additional descent at ik = n − k + r , whose contribution to rmajL,n(σ˜ ) is
k − r . If t /∈ L, then the additional descent is at ik + 1 = n− k + r + 1, contributing k − r − 1 to
rmajL.n(σ˜ ).
Definition 11. For each L ⊆ {0, . . . , a−1} and σ ∈ Sn−1 define the bijection dL,σ : {1, . . . , n} →
{0, . . . , n − 1} as follows: write DesL(σ ) = {i1, . . . , is}, i1 < · · · < is and {0, . . . , n − 1} \
DesL(σ ) = {is+1, . . . , in}, n − 1 = is+1 > · · · > in, and let dL,σ (k) = ik .
For example, if a = 1, L = ∅ and σ = [4,1,2,5,3,6], then dL,σ (0) = 1, dL,σ (1) = 4,
dL,σ (2) = 5, dL,σ (3) = 3, dL,σ (4) = 2 and dL,σ (5) = 0.
Definition 12. For each L ⊆ {0, . . . , a−1} define ψL,n: Ca Sn−1 ×{1, . . . , n}×{0, . . . , a−1} →
Ca  Sn by ψL,n(σ, k, t) = φn(σ, dL,σ (k), t).
Clearly, ψL,n is a bijection too, and Lemma 10 can be restated for ψL,n as follows.
Corollary 13. Let σ ∈ Ca  Sn−1, L ⊆ {0, . . . , a − 1} and desL(σ ) = s. Then for 1 k  n and
t ∈ {0, . . . , a − 1},
desL
(
ψL,n(σ, k, t)
)= { s, if k < s + 1 or [k = s + 1, t /∈ L];
s + 1, if k > s + 1 or [k = s + 1, t ∈ L].
and
rmajL,n
(
ψL,n(σ, k, t)
)= { rmajL,n−1(σ ) + k, if t ∈ L;
rmajL,n−1(σ ) + k − 1, if t /∈ L,
4. Ca Sn q-maj Euler–Mahonian polynomials
In this section we define q-maj Euler–Mahonian polynomials for Ca  Sn and give generaliza-
tions of the results by Carlitz and Gessel.
For L ⊆ {0, . . . , a − 1}, let majAa,L,n(t, q) be the generating polynomial for Ca  Sn by the
bi-statistic (desL, rmajL,n), i.e.
majAa,L,n(t, q) :=
∑
σ∈Ca Sn
tdesL(σ )qrmajL,n(σ ). (4)
Remark 14. For n = 1,
majAa,L,1(t, q) =
a−1∑
t=0
tdesL([αt ])qrmajL,1([αt ]) = 
tq + (a − 
)
where 
 = |L| depends only on the number of elements in L and not on the choice of elements.
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Proposition 15. Define majAa,L,n,s(q) by majAa,L,n(t, q) =∑s0 majAa,L,n,s(q)ts . Then the co-
efficients majAa,L,n,s(q) satisfy the recurrence
majAa,L,n,s(q)
= (a[s + 1]q − 
)majAa,L,n−1,s (q) + (aqs[n − s]q + 
qn)majAa,L,n−1,s−1(q) (5)
where 
 = |L|.
Proof. Let E = {σ˜ ∈ Ca  Sn: desL(σ˜ ) = s} ⊆ Ca  Sn. If (σ, k, t) ∈ ψ−1L,n(E) then by Corol-
lary 13, σ ∈ Ca  Sn−1 and exactly one of the following holds:
(1) desL(σ ) = s and exactly one of the following holds:
(a) t ∈ L and 1 k  s,
(b) t /∈ L and 1 k  s + 1;
(2) desL(σ ) = s − 1 and exactly one of the following holds:
(a) t ∈ L and s  k  n,
(b) t /∈ L and s + 1 k  n.
Thus ψ−1L,n(E) = A unionmulti B unionmulti C unionmulti D where unionmulti denotes disjoint union and
A := {(σ, k, t): σ ∈ Ca  Sn−1, desL(σ ) = s, 1 k  s, t ∈ L},
B := {(σ, k, t): σ ∈ Ca  Sn−1, desL(σ ) = s, 1 k  s + 1, t /∈ L},
C := {(σ, k, t): σ ∈ Ca  Sn−1, desL(σ ) = s − 1, s  k  n, t ∈ L},
D := {(σ, k, t): σ ∈ Ca  Sn−1, desL(σ ) = s − 1, s + 1 k  n, t /∈ L}.
Since ψL,n is a bijection, E = ψL,n(A) unionmulti ψL,n(B) unionmulti ψL,n(C) unionmulti ψL,n(D). By our definition of
E and by (4),
majAa,L,n,s(q) =
∑
σ˜∈E
qrmajL,n(σ˜ ) =
∑
(σ,k,t)∈A∪B∪C∪D
qrmajL,n(ψL,n(σ,k,t)).
By Corollary 13, rmajL,n(ψL,n(σ, k, t)) = rmajL,n−1(σ ) + k for all (σ, k, t) ∈ A ∪ C, and
rmajL,n(ψL,n(σ, k, t)) = rmajL,n−1(σ ) + k − 1 for all (σ, k, t) ∈ B ∪ D, therefore
majAa,L,n,s(q) =
∑
(σ,k,t)∈A∪C
qrmajL,n−1(σ )+k +
∑
(σ,k,t)∈B∪D
qrmajL,n−1(σ )+k−1
= 

( ∑
σ∈Ca Sn−1
desL(σ )=s
qrmajL,n−1(σ )+k +
∑
σ∈Ca Sn−1
desL(σ )=s−1
qrmajL,n−1(σ )+k
)1ks skn
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( ∑
σ∈Ca Sn−1
desL(σ )=s
1ks+1
qrmajL,n−1(σ )+k +
∑
σ∈Ca Sn−1
desL(σ )=s−1
s+1kn
qrmajL,n−1(σ )+k
)
= 
q[s]q
∑
σ∈Ca Sn−1
desL(σ )=s
qrmajL,n−1(σ )
+ 
qs[n − s + 1]q
∑
σ∈Ca Sn−1
desL(σ )=s−1
qrmajL,n−1(σ )
+ (a − 
)[s + 1]q
∑
σ∈Ca Sn−1
desL(σ )=s
qrmajL,n−1(σ )
+ (a − 
)qs[n − s]q
∑
σ∈Ca Sn−1
desL(σ )=s−1
qrmajL,n−1(σ )
= (a[s + 1]q − 
)majAa,L,n−1,s
+ (aqs[n − s]q + 
qn)majAa,L,n−1,s−1.
By Proposition 15 and Remark 14, majAa,L,n(t, q) does not depend on the choice of elements
in L but only on their number 
 = |L|. Therefore the polynomials
majAa,
,n(t, q) := majAa,L,n(t, q) |L| = 

and
majAa,
,n,s(q) := majAa,L,n,s(q) |L| = 

are well-defined.
The following lemma is a generalization of [8, Eq. (10.3)].
Lemma 16. For every three integers n > 0, a > 0, 0 
 a,
(1 − q)majAa,
,n(t, q)
= (a − (1 − q)
)(1 − tqn)majAa,
,n−1(t, q) − aq(1 − t)majAa,
,n−1(tq, q). (6)
Proof. Multiply both sides of (5) by (1 − q)ts and sum over all −∞ < s < ∞ to get
(1 − q)majAa,
,n(t, q)
=
∞∑
s=−∞
(
a
(
1 − qs+1)− (1 − q)
)t smajAa,
,n−1,s (q)
+
∞∑ (
aqs
(
1 − qn−s)+ (1 − q)
qn)t smajAa,
,n−1,s−1(q)s=−∞
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s=−∞
((
a − (1 − q)
)t s − aq(qt)s)majAa,
,n−1,s (q)
+
∞∑
s=−∞
t
((−aqn + (1 − q)
qn)t s + aq(qt)s)majAa,
,n−1,s (q)
=
∞∑
s=−∞
((
a − (1 − q)
)(1 − tqn)t s − aq(1 − t)(qt)s)majAa,
,n−1,s (q)
= (a − (1 − q)
)(1 − tqn)majAa,
,n−1(t, q) − aq(1 − t)majAa,
,n−1(tq, q).
Proposition 17. For every three integers n > 0, a > 0, 0 
 a,
majAa,
,n(t, q)
(t;q)n+1 =
∑
s0
t s
(
a[s + 1]q − 

)n
. (7)
Proof. By induction on n. For n = 1,
majAa,
,1(t, q)
(t;q)2 =
a − 
(1 − tq)
(1 − t)(1 − tq) =
∑
s0
t s
(
a[s + 1]q − 

)
by Remark 14. For n > 1, divide both sides of (6) by (1 − q)(t;q)n+1 to get
majAa,
,n(t, q)
(t;q)n+1
= a − (1 − q)

(1 − q)(t;q)n
majAa,
,n−1(t, q) − aq(1 − t)
(1 − q)(t;q)n+1
majAa,
,n−1(tq, q),
whence, by applying the induction hypothesis to majAa,
,n−1(t, q) and majAa,
,n−1(tq, q),
majAa,
,n(t, q)
(t;q)n+1
=
( a
1 − q − 

)∑
s0
t s
(
a[s + 1]q − 

)n−1 − aq
1 − q
∑
s0
t sqs
(
a[s + 1]q − 

)n−1
=
∑
s0
t s
(
a
1 − q − 
 −
aqs+1
1 − q
)(
a[s + 1]q − 

)n−1
=
∑
s0
t s
(
a[s + 1]q − 

)n
.
As a corollary, we get a generalization of (3).
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 a,
∑
n0
un
n!
majAa,
,n(t, q)
(t;q)n+1 =
∑
s0
t seu(a[s+1]q−
). (8)
5. Ca Sn Eulerian polynomials
For L ⊆ {0, . . . , a − 1}, let Aa,L,n(t) be the generating polynomial for Ca  Sn by the statistic
desL, i.e.
Aa,L,n(t) :=
∑
σ∈Ca Sn
tdesL(σ ).
Clearly Aa,L,n(t) = majAa,L,n(t,1) and the polynomials
Aa,
,n(t) := Aa,L,n(t) |L| = 

are well-defined.
Proposition 19.
(1) With Aa,
,n(t) =∑s0 t sAa,
,n,s , the coefficients Aa,
,n,s satisfy the recurrence
Aa,
,n,s =
(
a(s + 1) − 
)Aa,
,n−1,s + (a(n − s) + 
)Aa,
,n−1,s−1. (9)
(2) Aa,
,n(t) =
(
a − 
 + (a(n − 1) + 
)t)Aa,
,n−1(t) + at (1 − t)A′a,
,n−1(t). (10)
(3) Aa,
,n(t)
(1 − t)n+1 =
∑
s0
t s
(
a(s + 1) − 
)n. (11)
(4)
∑
n0
un
n!
Aa,
,n(t)
(1 − t)n+1 =
∑
s0
t seu(a(s+1)−
) = e
(a−
)u
1 − teau . (12)
(5)
∑
n0
un
n! Aa,
,n(t) =
1 − t
−te
(1−t)u + e(a−
)u(t−1) . (13)
Proof. (9), (11) and (12) follow from (5), (7) and (8) respectively by setting q = 1. (13) follows
from (12) by substituting (1 − t)u for u and multiplying both sides by 1 − t . Finally, to see (10),
multiply both sides of (9) by t s and take the sum over all s  0 to get
Aa,
,n(t) =
∑
s0
(
a(s + 1) − 
)t sAa,
,n−1,s +∑
s0
(
a(n − s) + 
)t sAa,
,n−1,s−1
=
∑
s0
(
a(s + 1) − 
)t sAa,
,n−1,s + t∑
s0
(
a(n − s − 1) + 
)t sAa,
,n−1,s
=
∑
s0
(
a − 
 + (a(n − 1) + 
)t)t sAa,
,n−1,s + t∑
s0
a(1 − t)sts−1Aa,
,n−1,s
= (a − 
 + (a(n − 1) + 
)t)Aa,
,n−1(t) + at (1 − t)A′a,
,n−1(t).
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